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Abstract
The F-index of a graph is defined as the sum of cubes of the vertex degrees of the
graph which was introduced in 1972, in the same paper where the first and second
Zagreb indices were introduced. In this paper we study the F-index of four oper-
ations on graphs which were introduced by Eliasi and Taeri [M. Eliasi, B. Taeri,
Four new sums of graphs and their Wiener indices, Discrete Appl. Math.157(2009)
794–803.].
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1. Introduction
Using chemical graph theory, different chemical structures are usually mod-
eled by a molecular graph to understand different properties of the chemical com-
pound theoretically. A molecular graph is a pictorial representation of the struc-
tural formula of a chemical structure where atoms of the given chemical com-
pound are represented through vertices and the edges represent the chemical bonds
between the atoms. Also a molecular graph must be an unweighted, undirected
graph without self loop or multiple edges. A molecular topological index trans-
forming chemical information of a molecular graph by means of a numeric param-
eter which characterize its topology and is necessarily invariant under automor-
phism of graphs. Topological indices correlates the physico-chemical properties
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of molecular graph and is nowadays a standard procedure in studying structure-
property relations. In chemistry, biochemistry and nanotechnology topological in-
dices have been found to be useful in isomer discrimination, quantitative structure-
activity relationship (QSAR) and structure-property relationship (QSPR) for pre-
dicting different properties of chemical compounds and biological activities. Also,
topological indices has shown its high applicability in the discovery and design of
new drugs. Among different classes of topological indices, those based on vertex
degree of the molecular graph are called vertex-degree based topological indices
which are most studied and have good correlations to the chemical properties.
Let, G = (V, E) be a connected, undirected simple graph with |V | = n and
|E| = m. Let N(u) denotes the first neighbor set of u; then |N(u)| = dG(u) is
called the degree of the vertex u. As usual Pn and Cn denote a path and cycle
graph of order n respectively. The first and second Zagreb indices of a graph were
introduced in 1972 [1], denoted by M1(G) and M2(G) and are respectively defined
as
M1(G) = ∑
v∈V(G)
dG(v)2 = ∑
uv∈E(G)
[dG(u) + dG(v)] and M2(G) = ∑
uv∈E(G)
dG(u)dG(v).
These indices are among one of the most important vertex-degree based topo-
logical indices and are used to study molecular complexity, chirality, ZE-isomerism,
and heterosystems and hence attracted more and more attention from chemists and
mathematicians (see [2, 3, 4, 5, 6]). In the same paper [1], another topological in-
dex, defined as sum of cubes of degrees of the vertices of the graph was also
introduced. Recently Furtula and Gutman in [7] studied this index and establish
some basic properties of this index and showed that the predictive ability of this
index is almost similar to that of first Zagreb index and for the entropy and acetic
factor, both of them yield correlation coefficients greater than 0.95. They named
this index as “forgotten topological index” or ”F-index”. Very recently the present
author studied this index for different graph operations [8] and also introduced its
coindex version in [9]. De et al. in [10] also studied F-index of different classes
of nanostar dendrimers. In [11] Furtula et al. explore some basic properties and
bounds of F-index and in [12] Abdoa et al. investigate the trees extremal with
respect to the F-index. Throughout this paper we named this index as F-index and
denoted by F(G), so that
F(G) =
∑
v∈V(G)
dG(v)3 =
∑
uv∈E(G)
[dG(u)2 + dG(v)2]. (1)
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Li et al. in [13] introduced the general first Zagreb index of a graph and is
defined as
ξn(G) =
∑
v∈V(G)
dG(v)n =
∑
uv∈E(G)
[dG(u)n−1 + dG(v)n−1] (2)
where n is an integer, not 0 or 1. For different study of these index see [14, 15, 16,
17]. Obviously ξ2(G) = M1(G) and ξ3(G) = F(G). One of the redefined versions
of Zagreb index is defined as
ReZG(G) =
∑
uv∈E(G)
dG(u)dG(v)[dG(u) + dG(v)]. (3)
There are various recent study of redefined versions of Zagreb index, for details
see [18, 19, 20, 21].
Graph operations played a very important role in chemical graph theory. Barrie`re
et al. in 2009 [22, 23] generalized the concept of Cartesian product of graphs by
introducing a new graph operation called generalized hierarchical product graph.
Where as Eliasi et al. in [24] introduced four new sum of graphs (called F-sums)
and compute the Wiener index. However, it was found that, these four new sums
of graphs can be considered as a special case of generalized hierarchical product
of graphs. In this paper, we compute the F-index of F-sum graphs not from direct
calculation but as an application of generalized hierarchical product of graphs and
hence using the derived results we find F-index of some particular and chemically
interesting graphs.
2. Main Results
Barrie`re et al. in 2009 introduced a new graph operation called the hierarchical
product of graphs [22] and in the same year they also reported the generalized
hierarchical product of graphs which is a generalization of both Cartesian product
of graphs and hierarchical product of graphs [23]. Several results on different
topological indices under generalized hierarchical product of graphs are already
studied [25, 26, 27, 28, 29].
Definition 1. Let G and H be two connected graphs and U be a non-empty subset
of V(G). Then the hierarchical product of G and H, denoted by G(U)ΠH, is the
graph with vertex set V(G) × V(H), and any two vertices (u, v) and (u′, v′) of
G(U)ΠH are adjoint by an edge if and only if
[
u = u′ ∈ U and vv′ ∈ E(H)
]
or[
v = v′ and uu′ ∈ E(G)
]
.
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From definition, we can state the following lemma which gives some basic
properties of generalized hierarchical product of graphs.
Lemma 1. (a) G(U)ΠH is connected if and only if G and H are connected.
(b) |V(G(U)ΠH)| = |V(G)||V(H)| and |E(G(U)ΠH)| = |E(G)||V(H)|+|E(H)||U |.
(c) The degree of a vertex (u1, u2) of G(U)ΠH is given by
dG(U)ΠH(ui, v j) =

dG(ui) + dH(v j), ui ∈ U
dG(ui), ui ∈ V(G) − U.
First, we calculate the F-index of generalized hierarchical product of two
graphs G (n ≥ 2) and H. For details application of F-index of generalized hi-
erarchical product of graphs see [8].
Theorem 1. Let G (n ≥ 2) and H be two connected graphs. Then,
F(G(U)ΠH) = |V(H)|F(G) + 6|E(H)|
∑
ui∈U
dG(ui)2+3M1(H)
∑
ui∈U
dG(ui) + |U |F(H) (4)
Proof. From definition of generalized hierarchical product of graphs and F-index,
we have
F(G(U)ΠH) =
|V(G)|∑
i=1
|V(H)|∑
j=1
{dG(U)ΠH(ui, v j)}3
=
∑
ui∈U
|V(H)|∑
j=1
{dG(U)ΠH(ui, v j)}3 +
∑
ui∈V(G)\U
|V(H)|∑
j=1
{dG(U)ΠH(ui, v j)}3
=
∑
ui∈U
|V(H)|∑
j=1
{dG(ui) + dH(v j)}3 +
∑
ui∈V(G)\U
|V(H)|∑
j=1
dG(ui)3
=
∑
ui∈U
|V(H)|∑
j=1
{dG(ui)3 + dH(v j)3 + 3dG(ui)2dH(v j) + 3dG(ui)dH(v j)2}3
+
∑
ui∈V(G)\U
|V(H)|∑
j=1
dG(ui)3
= |V(H)|

∑
ui∈U
dG(ui)3 +
∑
ui∈V(G)\U
dG(ui)3
 + 6|E(H)|
∑
ui∈U
dG(ui)2
4
+3M1(H)
∑
ui∈U
dG(ui)+|U |F(H)
= |V(H)|F(G) + 6|E(H)|
∑
ui∈U
dG(ui)2+3M1(H)
∑
ui∈U
dG(ui)+|U |F(H).
Hence the desired result follows. 
The concept of F-sum graph was first introduced by [24] and the Weiner in-
dices of the resulting graphs were studied therein. Li et al. in [30] derived explicit
expression of the PI indices of four sums of two graphs. The hyper and reverse
Weiner indices of F-sum graphs were studied by Metsidik et al. in [31]. Eskender
et al. [32] determined the eccentric connectivity index of F-sum graphs in terms
of some invariants of the factors. An et al. in [33] derived two upper bounds for
the degree distances of four sums of two graphs. Deng et al. in [34] study the first
and second Zagreb indices of this four operations on graphs. Let, L(G) denotes
the line graph of G which is the graph with vertex set E(G) and two vertices of
L(G) are adjacent if and only if the corresponding edges have a vertex in common.
First we recall some relevant definitions an notations.
Definition 2. (a) The subdivision graph of a graph G, denoted by S (G), is ob-
tained from G by replacing each edge of G by a path of length two.
(b) The triangle parallel graph of a graph G is denoted by R(G) and is obtained
from G by replacing each edge of G by a triangle.
(c) The line superposition graph Q(G) of a graph G is obtained from G by
inserting a new vertex into each edge of G and then joining with edges each pair
of new vertices on adjacent edges of G.
(d) The total graph T (G) of a graph G has its vertices as the edges and ver-
tices of G and adjacency in T (G) is defined by the adjacency or incidence of the
corresponding elements of G.
For mathematical properties and applications of the these subdivision graphs, we
refer the reader to [35, 36, 37].
Definition 3. Let F be one of the subdivision operations S , Q, R or T . For two
connected graphs G and H, the F-sum, denoted by G+F H, is the graph with vertex
set (V(G) ∪ E(G)) × V(H), and any two vertices (u, v) and (u′, v′) of G+FH are
adjacent if and only if
[
u = u′ ∈ V(G) and vv′ ∈ E(H)
]
or
[
v = v′ ∈ V(H) and
uu′ ∈ E(F(G))
]
.
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The following lemma gives some basic properties of F-sum graphs.
Lemma 2. If U = V(G), then we have
(i) |V(S (G)| = |V(R(G))| = |V(Q(G))| = |V(T (G))| = |V(G)| + |E(G)|.
(ii) |E(S (G))| = 2|E(G)|
|E(R(G))| = 3|E(G)|
|E(Q(G))| = 2|E(G)| + |E(L(G))|
|E(T (G))| = 3|E(G)| + |E(L(G))|.
(iii) Let, F = {S , R, Q, T }, then for every vertex v ∈ U, we have
dS (G)(v) = dQ(G)(v) = dG(v) and dR(G)(v) = dT (G)(v) = 2dG(v).
(iv) Also, for every vertex v ∈ V(F(G))\U, we have
dS (G)(v) = dR(G)(v) = 2and dQ(G)(v) = dT (G)(v) = dL(G)(v) + 2.
Now if we consider U = V(G) ⊆ V(F(G), then F(G)(U)ΠH = G+F H. Thus,
using Theorem 1, we can easily compute the F-index of these four graph oper-
ations. To do that, in the following, first we determine the F-index of different
subdivision graphs of the vertices of U in terms of other graph invariants (using
equations (1), (2) and (3)).
Proposition 1. If U be a non-empty subset, then
(i) F(S (G)(U)) = F(G) + 8|E(G)|
(ii) F(R(G)(U)) = 8F(G) + 8|E(G)|
(iii) F(Q(G)(U)) = F(G) + ξ4(G) + 3ReZM(G)
(iv) F(T (G)(U)) = 8F(G) + ξ4(G) + 3ReZM(G).
Proof. (i) If U be a non-empty subset of V(S (G)), we have by Lemma 2
F(S (G)(U)) =
∑
v∈V(S (G)(U))
dS (G)(U)(v)3
=
∑
v∈U
dS (G)(v)3 +
∑
v∈V(S (G))\U
dS (G)(v)3
=
∑
v∈V(G)
dG(v)3 +
∑
v∈V(S (G))\U
23
= F(G) + 8|E(G)|.
(ii) If U be a non-empty subset of V(R(G)), we have by Lemma 2
F(R(G)(U)) =
∑
v∈V(R(G)(U))
dR(G)(U)(v)3
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=
∑
v∈U
dR(G)(v)3 +
∑
v∈V(R(G))\U
dR(G)(v)3
=
∑
v∈V(G)
{2dG(v)}3 +
∑
v∈V(R(G))\U
23
= 8F(G) + 8|E(G)|.
(iii) If U be a non-empty subset of V(Q(G)), we have by Lemma 2
F(Q(G)(U)) =
∑
v∈V(Q(G)(U))
dQ(G)(U)(v)3
=
∑
v∈U
dQ(G)(v)3 +
∑
v∈V(Q(G))\U
dQ(G)(v)3
=
∑
v∈V(G)
dG(v)3 +
∑
v∈V(R(G))\U
{dL(G)(v) + 2}3
= F(G) +
∑
uv∈E(G)
[dG(u) + dG(v)]3
= F(G) + ξ4(G) + 3ReZM(G).
(iv) If U be a non-empty subset of V(T (G)), we have by Lemma 2
F(T (G)(U)) =
∑
v∈V(T (G)(U))
dT (G)(U)(v)3
=
∑
v∈U
dT (G)(v)3 +
∑
v∈V(T (G))\U
dQ(G)(v)3
=
∑
v∈V(G)
{2dG(v)}3 +
∑
v∈V(T (G))\U
{dL(G)(v) + 2}3
= 8F(G) +
∑
uv∈E(G)
[dG(u) + dG(v)]3
= 8F(G) + ξ4(G) + 3ReZM(G).
Hence the desired result follows. 
Theorem 2. Let G (n ≥ 2) and H be two connected graphs. Then,
F(G+S H) = |V(H)|F(G)+|V(G)|F(H)+6|E(H)|M1(G)+6|E(G)|M1(H)+8|V(H)||E(G)|.
Proof. From (4), using Proposition 1(i), we have
F(G+S H) = F(S (G)(U)ΠH)
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= |V(H)|F(S (G)) + 6|E(H)|
∑
ui∈V(G)
dS (G)(ui)2+3M1(H)
∑
ui∈V(G)
dS (G)(ui)
+|V(G)|F(H)
= |V(H)|{F(G) + 8|E(G)|} + 6|E(H)|
∑
ui∈V(G)
dG(ui)2 + 3M1(H)
∑
ui∈V(G)
dG(ui)
+|V(G)|F(H)
= |V(H)|F(G) + 6|E(H)|M1(G) + 6|E(G)|M1(H) + |V(G)|F(H) + 8|V(H)||E(G)|.
Hence the desired result follows. 
Theorem 3. Let G (n ≥ 2) and H be two connected graphs. Then,
F(G+RH) = 8|V(H)|F(G)+|V(G)|F(H)+24|E(H)|M1(G)+12|E(G)|M1(H)+8|V(H)||E(G)|.
Proof. Applying Proposition 1(ii) in equation (4), we get
F(G+RH) = F(R(G)(U)ΠH)
= |V(H)|F(R(G)(U)) + 6|E(H)|
∑
ui∈V(G)
dR(G)(ui)2+3M1(H)
∑
ui∈V(G)
dR(G)(ui)
+|V(G)|F(H)
= |V(H)|{8F(G) + 8|E(G)|} + 6|E(H)|
∑
ui∈V(G)
{2dG(ui)}2
+3M1(H)
∑
ui∈V(G)
2dG(ui)+|V(G)|F(H)
= 8|V(H)|F(G) + 8|V(H)||E(G)| + 24|E(H)|M1(G)
+12|E(G)|M1(H) + |V(G)|F(H).
Hence the result. 
Theorem 4. Let G (n ≥ 2) and H be two connected graphs. Then,
F(G+QH) = |V(H)|F(G) + |V(G)|F(H) + 6|E(H)|M1(G) + 6|E(G)|M1(H)
+|V(H)|ξ4(G) + 3|V(H)|ReZM(G).
Proof. Using Proposition 1(iii) in equation (4), we get
F(G+QH) = F(Q(G)(U)ΠH)
= |V(H)|F(Q(G)(U)) + 6|E(H)|
∑
ui∈V(G)
dQ(G)(ui)2+3M1(H)
∑
ui∈V(G)
dQ(G)(ui)
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+|V(G)|F(H)
= |V(H)|{F(G) + ξ4(G) + 3ReZM(G)} + 6|E(H)|
∑
ui∈V(G)
{dG(ui)}2
+3M1(H)
∑
ui∈V(G)
dG(ui)+|V(G)|F(H)
= |V(H)|F(G) + |V(H)|ξ4(G) + 3|V(H)|ReZM(G) + 6|E(H)|M1(G)
+6|E(G)|M1(H) + |V(G)|F(H).
Hence the desired result follows. 
Theorem 5. Let G (n ≥ 2) and H be two connected graphs. Then,
F(G+T H) = 8|V(H)|F(G) + |V(G)|F(H) + 24|E(H)|M1(G) + 12|E(G)|M1(H)
+|V(H)|ξ4(G) + 3|V(H)|ReZM(G).
Proof. Applying Proposition 1(iv) in equation (4), we have
F(G+T H) = F(T (G)(U)ΠH)
= |V(H)|F(T (G)(U)) + 6|E(H)|
∑
ui∈V(G)
dT (G)(ui)2+3M1(H)
∑
ui∈V(G)
dT (G)(ui)
+|V(G)|F(H)
= |V(H)|{8F(G) + ξ4(G) + 3ReZM(G)} + 6|E(H)|
∑
ui∈V(G)
{2dG(ui)}2
+3M1(H)
∑
ui∈V(G)
2dG(ui)+|V(G)|F(H)
= 8|V(H)|F(G) + |V(H)|ξ4(G) + 3|V(H)|ReZM(G) + 24|E(H)|M1(G)
+12|E(G)|M1(H) + |V(G)|F(H).
Hence we get the desired result. 
Let U = V(Cn), where Cn(n ≥ 3) be a cycle, then from Theorem 2, we have
the following corollary.
Corollary 1. Let H be an arbitrary connected graph, then
F(Cn+S H) = nF(H) + 6nM1(H) + 24n|E(H)| + 16n|V(H)|. (5)
Example 1. Let Γ be the zigzag polyhex nanotube TUHC6[2n, 2] with n ≥ 3.
Since Γ  Cn+S P2, using Corollary 1, we have F(TUHC4) = F(Cn+S P2) = 70n.
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Corollary 2. Let H be an arbitrary connected graph, then
F(Pn+S H) = nF(H) + 6nM1(H) + 12n(2n − 3)|E(H)| + 2n(8n − 11)|V(H)|. (6)
Example 2. Let Ln  Pn+1+S P2 be a linear hexagonal chain with n ≥ 2. Then
using Corollary 2, we have F(Ln) = F(Pn+1+S P2) = 70n − 22.
Example 3. Applying Theorem 2 to 5 we get the following results
(i) F(Pn+S Pm) = 72nm − 74n − 82m + 72
(ii) F(Pn+RPm) = 224nm − 182n − 312m + 216
(iii) F(Pn+QPm) = 128nm − 74n − 212m + 72
(iv) F(Pn+T Pm) = 280nm − 182n − 442m + 216.
3. Conclusion
In this paper, we compute the ‘forgotten topological index’ of the general-
ized hierarchical product of graphs and then using the obtained result we find the
results for four new sum of graphs. As an application, we calculate F-index of
the zigzag polyhex nanotube TUHC6[2n, 2], linear hexagonal chain Ln and other
particular graphs.
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